Electrostatically-actuated resonant microbeam devices have garnered significant attention due to their geometric simplicity and broad applicability. Recently, some of this focus has turned to comb-driven microresonators with purely-parametric excitation, as such systems not only exhibit the inherent benefits of MEMS devices, but also a general improvement in sensitivity, stopband attenuation and noise rejection. This work attempts to combine each of these areas by proposing a microbeam device which couples the inherent benefits of a resonator with purely-parametric excitation with the simple geometry of a microbeam. Theoretical analysis reveals that the proposed device exhibits desirable response characteristics, but also quite complex dynamics. Of particular note is the fact that the device's nonlinear frequency response is found to be qualitatively dependent on the system's ac excitation amplitude. While this flexibility can be desirable in certain contexts, it introduces additional design and operating limitations. While the principal focus of this work is the proposed system's nonlinear response, the work also contains details pertaining to model development and device design.
Introduction
With reported successes in applications ranging from signal filtering to chemical and mass sensing, electrostaticallyactuated resonant microbeam devices continue to be one of the most widely studied topics of the MEMS community. The devices' appeal can be traced to the fact that in addition to their inherent flexibility, they consume minimal power, are comparatively small, and are easy to fabricate due to their simple geometry (see, for example, [1] [2] [3] ). Though electrostatically-actuated resonant microbeam systems, and most resonant MEMS devices in general, have traditionally been based on the usual linear resonance [2] , a number of recent studies have indicated that the resonant behavior of such devices is often dependent on their nonlinear characteristics [1, [4] [5] [6] [7] [8] [9] . Amongst the more interesting nonlinear effects are those generated by the electrostatic forces, which due to their position-dependent nature generally lead to some combination of direct and/or parametric excitation [1, 8] . Unfortunately, for typical microbeam designs such excitations occur in both a direct and parametric manner, thus yielding a predictable response, but eliminating (or reducing) the inherent benefits of designs based on purely-parametric excitations. In particular, known benefits such as nearly ideal stopband attenuation, comparatively higher sensitivity and high noise robustness are believed to be deteriorated (see, for example, [10, 11] ). This work investigates a modified microbeam resonator design that is intended to recover the aforementioned benefits through a novel electrode configuration. In particular, it is shown that through the use of symmetric electrostatic actuation (as realized through exploitation of a three-plate capacitor design) direct excitation (and certain parametric excitation) effects which may hinder device performance can be eliminated or at least reduced to largely insignificant levels. A schematic of a special case of the proposed microbeam system. Note that in this special case the beam is actuated by three electrode pairs, two of which provide dc excitation while the third provides ac excitation.
The general goal of this paper is to provide a brief, yet thorough, analysis of the proposed microbeam system, in particular, focusing on the local nonlinear response characteristics of such systems while paying attention to practical design issues, which may be beneficial for future experimental studies. Accordingly, the paper begins in section 2 with the presentation a continuous system model for a microbeam acted on by symmetric electrostatic actuation. Section 3 includes the formulation of a lumped-mass model for the system, which is better suited for systematic analysis. In section 4, the pull-in behavior of the system is briefly considered. Section 5, the principle focus of this work, explores the near-resonant response of the lumped-mass model and section 6 briefly discusses a variety of issues related to the design of practical devices based on the proposed system. The paper concludes in section 7 with some concluding remarks and an outline of future research and planned experimentation.
A continuous system model for a single microbeam
As a means of developing the lumped-mass model that forms the analytical basis for this work, a continuous system model is first considered. While a variety of such models have been proposed, that presented in [4, 8, 9] , based on previous aeroelastic plate models presented in [12] and [13] , is used as a starting point here.
Noting that a capacitively-actuated microbeam (the work can easily be extended to higher aspect ratio plate structures) is a suspended elastic beam with an applied electrostatic force (see figure 1) , the equation of motion governing the transverse displacement of the beam, w(x, t), is written as [4, 8, 9] EI ∂ 4 w ∂x 4 + ρA
where E and ρ (the modulus of elasticity and density, respectively) define the elastic material's properties, I defines the second moment of area, c delineates the viscous damping coefficient, N delineates a uniform applied axial force (a byproduct of typical microfabrication techniques) and f es (x, t) represents the electrostatic actuation force per unit length. As fixed-fixed microbeams are of primary interest here (the work is easily extendable to cantilevered beams), the system's boundary conditions, are given by
The electrostatic interaction between the beam and the multiple electrodes (see figure 1 ) is modeled as a parallelplate capacitor with a single moving plate and minimal fringe field effects. Accordingly, the attractive electrostatic actuation force per unit length, f es (x, t) , is written as
where
ε 0 is the free space permittivity, and V i (t) is the actuation voltage applied to the ith electrode.
To facilitate analysis this equation is nondimensionalized in a manner similar to that presented in [4, 8, 9] . In particular, both the transverse displacement, w, and the spatial coordinate, x, are normalized by characteristic lengths of the system, the gap width and beam length, respectively, according tô
time is nondimensionalized by a characteristic period of the system according tot
and the input voltages are normalized by a characteristic voltage of the system, V C (for example, the dc static pull-in voltage), according toV
This procedure results in a system governed by the equation of motion (10) .
with operators and parameters defined as shown in table 1 and with boundary conditions given bŷ
As the form of the forcing presented in equation (10) is difficult to analyse directly, it proves convenient to approximate the spatially-dependent portion of the forcing, through a truncated Taylor series expansion, according to 1
which is valid for 'small'ŵ. This results in a new approximative equation of motion of the form ∂
Note that in contrast to a single electrode system, only odd-powered electrostatic terms appear in this equation of motion. In addition, it should be noted that the Taylor series approximation proves fairly accurate even in the presence of very small geometric asymmetries (e.g., those on the order of manufacturing tolerances), which could give rise to even-powered terms and, in turn, small direct excitation and quadratic nonlinear parametric effects (see section 5 for additional details).
As the electrodes shown in figure 1 are capable of providing ac or dc excitation (or perhaps both in an obvious extension not considered directly in this work), it proves convenient to separate the appropriate electrostatic terms. This results in a modified equation of motion of the form ∂
where terms of the formV 2 m represent those due to dc actuation and those of the formV 2 n (t) capture ac actuation. From this continuous system model a lumped-mass model is easily formulated.
Formulation of the lumped-mass model
Though the system model shown in equation (14) proves sufficient for some analysis, a lumped-mass model approach greatly facilitates investigation of the system's pull-in behavior and nonlinear response. Accordingly, the system's spatiallydependent dynamic variable, as present in equation (14), is decomposed using the system's mode shapes, namely,
Unfortunately, this results in a set of coupled nonlinear ordinary differential equations, which, in turn, requires a relatively cumbersome analysis that is of limited applicability (due to the approximate nature of MEMS models, in general). As such, it proves convenient to develop the nonlinear lumpedmass equation of motion from a linear analog of the modal equation where the applied axial load is neglected (N = 0)-a valid assumption given that realistic values ofN (as given, for example, in [9] ) yield minimal distortion in theN = 0 linear mode shapes (especially the first, which is used extensively in this work). This results in linear mode shapes which can be deduced in closed form from the governing equation [14] 
Noting that the first mode should be the dominant mode of the system, the modal expansion presented in equation (15) is approximated by a single term. Substituting the resulting mode (normalized through the inner product operator) in equation (14) and projecting back on the first mode (through the inner product operator) yields a final lumped-mass model of the form
where(
and
To ensure harmonic excitation, the driving voltage,V n (t), is taken to bê (21) . Note that the prime operator has been redefined.
φ φ dx wherever applicable [15] . Following this substitution, equation (17) is rescaled to account for small damping and small electrostatic excitation (assumptions that are typically valid for MEMS resonators, especially those with high-Q). In addition, the sum of the nonlinear mechanical stiffness, which is generally hardening, and the nonlinear electrostatic stiffness, which is generally softening, is considered small, for reasons explained in section 5, and a nondimensional scaling parameter, ε, is introduced to facilitate analysis. This results in a final lumped-mass model of the form
with parameters defined as in table 2. Interestingly enough, this lumped-mass model is nearly identical to that previously considered by the authors in the analysis of microelectromechanical (MEM) oscillators driven by noninterdigitated comb drives [10, 16] . Accordingly, the results of previous works on this subject are exploited throughout this work, especially in section 5 where the microbeam's dynamic response is considered.
Though the lumped-mass model developed above is likely sufficient for most analyses, an alternative model based on a least-squares curve fit of the electrostatic force may prove more desirable in studies where the accuracy of the truncated Taylor series approximation is insufficient or in studies where the operating regime for a given device (in terms of displacement) is well known. As their name implies, these alternative models can be developed by fitting the spatially-dependent portion of the exact electrostatic force (in this case after modal truncation and projection) to a cubic function of displacement over a specified displacement operating regime, while enforcing a specified linear force constraint (as realized by manipulating coefficients contained in ν 1 , λ 1 , ν 3 and λ 3 ). The net result of such an approach, as detailed in figure 2 , is an improvement in the approximate force model over the specified range. Force inaccuracy considered in terms of displacement (limited range) for the various approximative force models. Note that as expected, the models produced by curve fitting over a specified domain exhibit the least error over the given domain.
% Error vs. Displacement for the Various Force Approximations
For example, the least-squares model fit over a displacement domain bounded by plus or minus one-half of the gap width, yields a maximum error of about 2.5%, approximately onefourth of that produced by the truncated Taylor series model. Though such a difference may have minimal consequence with regard to introductory studies, similar to that presented here, future studies may benefit from the improvement in accuracy produced by such an approach, especially in cases where global dynamic phenomena (e.g., dynamic pull-in) are of principal concern. Before proceeding with a discussion of the microbeam system's dynamic response, it proves prudent to briefly detail the operating range where the system model and attendant analysis (forthcoming) are believed to be sufficiently accurate for predictive design and conversely where limitations in the model and analysis constrain their applicability. To facilitate z z' Figure 3 . A qualitative phase plane for the proposed microbeam system. Note that only the effective dc electrostatic term (incorporating both dc voltage and some ac voltage effects) is included; inclusion of the ac term would yield perturbations in the solution trajectories shown. Also note the system model and attendant response analysis, as limited by force truncation and perturbation methods, respectively, are believed to be valid only in a local operating region akin to that shaded here.
this discussion, a qualitative phase plane, which captures the global behavior of the system, is included in figure 3 . Note that the effective dc contribution due to both dc (V m ) and ac (V n ) voltage effects has been included within the plot, but ac (V n ) voltage effects which directly lead to an effective ac contribution (and, in turn, to a distortion of the included solution trajectories) have been omitted. In other words, effects due to the term designated ν 1 (which depends on botĥ V m andV n ) have been included, while those effects due to λ 1 (which depends on onlyV n ) have been neglected. Constraints relating to the system model can be generally attributed to the truncation of the Taylor series expansion of the electrostatic force model. Since this truncation requires a magnitude constraint onŵ the system model is believed to be accurate only for a limited range of z. Accordingly, the model should only be applied to the predictive design of devices operating in a displacement range bounded by a conservative fraction of the system's gap width, an operating range that is similar to that of most electrostatic sensors and actuators. Constraints relating to the included analysis, discussed in more detail throughout the work, can be generally attributed to the nature of the perturbation technique employed. In particular, the local averaging technique employed in section 5 is applicable only to the local dynamics contained within the heteroclinic cycle (connecting the two saddle points) depicted in figure 3 . The analysis of system responses near or outside of this orbit, and thus the analysis of phenomena like dynamic pull-in, would be better facilitated by more global techniques such as those presented in previous works, including [17, 18] . In light of the limitations detailed above, a conservative qualitative operating region, completely enclosed by the heteroclinic cycle and bounded by a conservative fraction of the system's gap width, has been highlighted in figure 3 . Within this region, the model and analysis included here should be sufficiently accurate to allow for the predictive design of the proposed devices operated near resonance. 
Pull-in
Though the impetus of the present study was to explore the nonlinear behavior of a parametrically-excited microbeam system, as with any electrostatically-actuated MEMS device, it is imperative that the system's pull-in behavior be considered as well. Accordingly, the static pull-in behavior of the system is considered in this section and the dynamic pull-in behavior is discussed, albeit briefly, in the forthcoming section, following a discussion of the system's nonlinear response.
Perhaps the most common 'failure mode' considered in the design of resonant MEMS devices is static pullin (see, for example, [8, [19] [20] [21] [22] ). That is, the operating condition (or conditions in the case of multiple inputs) that leads to destabilization of the system's static operating point. This failure in the proposed parametrically-excited microbeam system is caused by the presence of an electrostatic load in excess of the system's static load bearing capacity. Analytically, this equates to the presence of a negative net linear stiffness in the system's equation of motion. Alternatively, from a bifurcation point of view, the point at which the failure occurs corresponds to a pitchfork bifurcation in which the stable central equilibrium is destabilized through a merging with the symmetric pair of unstable equilibria. For the system in question here, it is easily shown that the criterion for pull-in is given by
which, in contrast to most MEM devices, is dependent on both the dc and ac actuation voltages, an effect which can be directly attributed to the form of the excitation used to generate a purely-harmonic excitation.
To explore the static pull-in behavior of the proposed system in further detail, consider a system featuring parameters consistent with those presented in table 3 with a single electrode pair (actuated by a single dc voltage input) spanning the beam's length. This system is governed by a static equation of the form 
Evoking the fact that pull-in should occur when the net linear stiffness becomes negative, it can be shown that the system should exhibit pull-in at approximately 32.3 V. As shown in figure 4 , this prediction is entirely compatible with the behavior governed by equation (23) . In fact, due to the enforcement of a linear force constraint in the previously proposed curve fitting techniques, the predicted static pull-in voltage is identical in all three system models developed in the present work (as evident from figure 4).
While the preceding example details the pull-in behavior of a single electrode pair system actuated via a dc voltage, a more relevant example for present purposes is a microbeam system with multiple electrostatic actuation voltages (ac and dc). An interesting feature of this system is that due to the form of excitation, namely its dependence on the square of the input voltage(s) (and the presence of both ac and dc voltage terms in the system's net linear stiffness term), its effective 'pseudo-static' pull-in (the term is used informally here to designate the operating condition(s) that results in a loss of stability for the trivial solution) behavior depends on both the system's ac and dc actuation voltages. Accordingly, pull-in is not governed by a point in a single input parameter space, but rather a curve in a two-parameter input space that depends on the electrode geometry of the proposed system. To examine this further consider a three-electrode pair system (similar to that depicted in figure 1 ), which exhibits a newly defined electrode characteristic δ = 0.10, where δ is defined as half the nondimensional length of the center (ac) electrode. Again, noting that pull-in will occur when the effective linear stiffness becomes negative, the two-parameter 'pseudo-static' pull-in curve depicted in figure 5 can be developed. As figure 5 indicates, 'pseudo-static' pull-in is expected for all voltage input combinations that exceed the predicted threshold. To confirm the validity of this, the system governed by equation (21) was simulated and the respective pull-in points, depicted in figure 5, were determined. As evident from the figure, the predicted pull-in conforms quite well with the simulated results and while there is some discrepancy for larger ac voltages, this can likely be attributed to dynamic effects. It should be noted that while pull-in is predicted for all operating conditions beyond the curve presented, collapse is possible for operating conditions below the curve as well, as dictated by the nature of the nonlinear response and the ac voltage input's frequency (as described in section 5). Figure 5 . A representative two-parameter 'pseudo-static' pull-in chart. Note that collapse is predicted to occur beyond the noted boundary in the two-parameter input voltage space and that the diamonds correspond to points of predicted 'pseudo-static' pull-in, as obtained via simulation. Also note that collapse is possible below the boundary as dictated by the nature of the system's nonlinear response and input frequency.
Dynamic response
With the static pull-in behavior largely characterized, attention can turn towards the focus of the present work: the microbeam system's dynamic response, the nature of which is perhaps best characterized through the equation of motion presented in equation (21) . As noted in section 3, this model is identical in form to that considered by the authors in previous works, but with different system parameters [10, 16] . Accordingly, interested readers are directed to [16] for detailed information beyond that presented here (including a detailed analysis of the various nonlinear solutions' existence and stability).
As noted in section 3, the equation of motion presented in equation (21) is based on the assumption of 'small' excitation and damping, which is typically valid in MEMS resonators. It is also noted that the sum of the hardening nonlinearity, due to mechanical stiffness effects, and the softening nonlinearity, due to electrostatic stiffness effects, is also assumed to be small (as achieved through manipulation of the dc bias voltage); this assumption is put in place to distinguish the response of the proposed system with that of electrostatic devices dominated by nonlinear mechanical effects. Systems of this type exhibit a nonlinear response that is largely unaffected by electrostatic nonlinearities and thus their response is generally compatible with mechanically-hardening nonlinear oscillators with linear parametric excitation, a topic which has been extensively covered in nonlinear vibrations literature and thus is not considered here (see, for example, [23] ).
To analyse the equation of motion presented in equation (21) it proves convenient to invoke perturbation techniques, which work well with the assumptions detailed above. In addition, damping is assumed to be zero (ζ = 0) as it has a minimal effect on the qualitative nature of the nonlinear response (note that the effects of small damping are discussed in some detail in [16] ). To facilitate the perturbation approach, in this case the method of averaging, a standard constrained coordinate transformation is introduced, as given by
In addition, since near-resonant behavior is the principal operating regime of the proposed system, a detuning parameter, σ is introduced, as given by
Separating the resulting equations and averaging them over the period 4π/ in the τ -domain results in the system's averaged equations, in terms of amplitude and phase, which are given by [10, 16] 
The steady-state behavior of the proposed system is then determined by considering the time-invariant dynamics of the averaged equations presented in equations (27) and (28), as recovered by setting (a , ψ ) = (0, 0). This process yields a trivial solution and three nontrivial solution branches, the first two of which have amplitudes and phases (note that phases shifted by a multiple of π equate to the same physical response) given by [10, 16] 
Generally speaking, these two sets of solution branches are very similar to those typically seen in a simple nonlinear oscillator, in that the sign of the term under the square root sign dictates their existence with respect to forcing frequency (detuning). However, their relationship to the system's overall nonlinear characteristic, is somewhat unique. In particular, due to the differing denominators of each response branch, a single effective nonlinearity, which captures the system's nonlinear behavior cannot be obtained. Rather multiple effective nonlinearities are required, which reveal the system's nonlinear nature only when collectively considered [10, 16] . To verify this, two effective nonlinearities are defined, as taken from the denominators of a 1 and a 2 , according to
As brief analysis will reveal, the nature of the system's frequency response differs with the signs of η 1 and η 2 . In particular, for η 1 > 0 and η 2 > 0 the system locally exhibits a hardening nonlinearity, for η 1 < 0 and η 2 < 0 a softening nonlinearity, and for η 1 > 0 and η 2 < 0 and η 1 < 0 and η 2 > 0 mixed nonlinearities wherein the response branches bend toward or away from one another near resonance [10, 16] . To summarize this result the nonlinear nature of the response can be characterized through consideration of the γ 3 − λ 3 parameter space as shown in figure 6 , where γ 3 , the effective nonlinear stiffness coefficient, is defined according to
and λ 3 is the nonlinear parametric excitation amplitude. While the signs of η 1 and η 2 largely dictate the nature of the system's nonlinear frequency response, the third solution branch, with amplitude given by [10, 16] 
can play a significant role as well. However, since the third solution branch's existence is dependent on the sign of λ 1 /λ 3 , a term that will be positive for most viable configurations of the present system, these solutions are largely unobtainable and thus only three topologically distinct frequency responses are obtainable here, namely, responses which exhibit hardening, softening, or mixed (response branches bending away from one another) nonlinear characteristics (corresponding to regions IV-VI in figure 6 ). To explore the proposed system's nonlinear response further, consider again the three-electrode pair system that was introduced in the preceding section. According to the aforementioned results, the proposed system should be able to exhibit one of three possible frequency response types depending on where in the nonlinear parameter space (or in the corresponding two-parameter input voltage space, as shown in figure 5 ) the system lies. This is confirmed by figures 7-9, which show the system's nonlinear response at three distinct operating conditions in the parameter space shown in figure 5 . As predicted, figure 7 depicts a classical hardening frequency response, figure 9 a classical softening frequency response, and perhaps more interestingly, figure 8 a frequency response wherein the nontrivial response branches bend away from one another near resonance (though the latter of these responses may prove problematic in implementation, as certain input frequencies lead to unbounded responsesthis may be reconcilable through the inclusion of higherorder nonlinearities). As evident from figures 7-8, each of these responses displays desirable characteristics. Perhaps most notably, they each exhibit a stable, non-resonant zero response, which in implementation corresponds to nearly ideal stopband rejection, and rapid response roll-off-highly desirable features for any resonant microbeam system. While the results detailed above are a positive indication of the flexibility of the proposed microbeam system, especially with regard to the potential implementation of softening or hardening devices on the same geometrical platform, it is important to point out the study's limitations. First, while softening behavior is analytically predicted to exist for certain operating conditions, this operating regime exists close to the predicted 'pseudo-static' pull-in point. Accordingly, the system is operating in a regime where the a priori assumptions begin to break down, most notably due to the presence of O(1) electrostatic effects. As such, softening regimes may be quite difficult to realize in practical applications. While simulations may provide some clarification of this issue, those completed to date have not yielded definitive results (softening responses have been found for the system design presented here, but a wide variety of designs have not yet been considered), as such simple experimental studies will likely be needed to provide definitive evidence of the softening regime.
Another limitation of the results presented here is that they are based on an approximate force model. While this is well suited for characterizing local behavior, it does not accurately capture large-amplitude nonlinear frequency response behavior or global system failures, such as those associated with dynamic pull-in. Additionally, the system model does not account for force imbalances arising from either manufacturing imperfections or non-uniform residual stresses. To ensure proper operation, a numerical simulation of a lumped-mass analog of the system presented here was constructed in Simulink TM . The simulation incorporated precise models of the system's linear elastic restoring force and electrostatic restoring and driving forces (no expansions or truncations were used) and an approximative model of the system's nonlinear elastic restoring force. Additionally, asymmetries in the force model arising from electrostatic or elastic imbalance were introduced, to ensure that they did not compromise operation. In general, the results proved quite promising. Though desirable response features, such as absolute stopband rejection, began to deteriorate in the presence of asymmetries, the hardening region proved to be quite robust, with amplitudes and bifurcation points remaining largely invariant (i.e., they shift both in frequency and amplitude by only a small per cent), even in the presence of fairly large asymmetries (up to 10% gap asymmetry or, in the case of elastic asymmetry, 10% static offset). The softening region proved significantly less robust, but even it featured little degradation in the presence of asymmetries on the order of a few per cent, which is about all that can be expected given the proximity of this operating condition to 'pseudo-static' pull-in.
Design considerations
As evident from the results of the preceding sections, the proposed microbeam system potentially offers great flexibility for future resonant sensor and filter designs. However, inherent to this flexibility are some design complications. In particular, unlike classical parametrically-excited MEM oscillators whose response can be manipulated via parameters which can be varied in a largely independent manner through the design of the comb drives, the behavior of the system in question is tied to a relatively small number of parameters which when altered affect both the linear and nonlinear response characteristics, and do so in a manner constrained by the physics of the driving electrodes. This section attempts to summarize these issues in a manner that may prove useful for the practical design of such devices.
Of utmost importance with any resonant MEMS device, be it a sensor or filter, is the location and width of the system's resonance. Since the proposed system is based on parametric resonance, this is analogous to the classical problem of positioning and orientating a parametrically-excited system's 'wedge of instability', or more specifically, locating and specifying the width of the unstable region of the system's trivial solution (see, for example, [23, 10, 16] ). For the device in question, this is done by dictating two distinct quantities: the system's purely mechanical natural frequency, which is dependent on the geometry of the microbeam, as well as the axial load in the structure (which is dependent on the nature of the fabrication process amongst other things), and the system's linear electrostatic force, which is largely dependent on the geometric configuration of the electrodes and the magnitude of the system's input voltages. Noting this, it can be shown that for the undamped system the instability region is bounded by the critical frequency (detuning) values of
and centered about the frequency (detuning) value of
as outlined in [16] . As evident from table 2, these critical frequency values, and thus the center frequency as well, are largely dependent on the input voltages of the system in terms of both location and relative distance. This dependence is confirmed in figure 10 , which depicts the system's wedge of instability, for two different dc voltages, in the V acparameter space. Similarly, it can be shown that the electrode configuration, as manipulated through the geometric parameter δ (a relative measure of the length of the ac electrode), plays a significant role. In particular, increasing δ produces results consistent with increasing the ac actuation voltage and decreasing the dc actuation voltage for a fixed-δ system.
As highlighted in the previous section, the characteristic form of the system's nonlinearity, and thus the device's mode of nonlinear operation, is dependent on the system's location in the nonlinear parameter space depicted in figure 6 , which in turn is dependent on the nonlinear mechanical and electrostatic characteristics of the system in question. This is further verified by figure 11, which shows a rudimentary design chart for characterizing this nonlinear parameter effect in terms of the input voltages and the design parameter δ. As expected, the relative size of the electrodes results in a relative weighting of the appropriate term in the force model, as previously seen in the course of linear design. Accordingly, it is clear that the nonlinear behavior of the proposed system and the location and width of its linear instability region are highly entwined. In light of the dependent nature of the design of the microbeam system, the following iterative design strategy is proposed. To begin, the device's nonlinear mode of operation (most likely hardening, but potentially softening) and allowable operating voltage ranges should be specified. This, in turn, results in approximate magnitude constraints on the relative electrode size and nonlinear mechanical properties of the microbeam. These constraints, in conjunction with a specified purely mechanical natural frequency (or alternative geometric constraint), can then be used to generate a geometric design of the device in question. The width of the resulting instability zone can then be verified to ensure conformity with the desired characteristic and the system's 'pseudo-static' (and potentially dynamic) pull-in voltages can be computed to ensure proper device operation. System parameters can then be iteratively 'tuned' until the system's behavior matches as closely as possible to the desired behavior, thereby yielding a resonant MEMS device with superior characteristics.
For reference purposes, it should be noted that the sample device presented in this work was developed via the design strategy detailed above. For this case, it was desirable to feature a device which exhibited hardening, softening and mixed nonlinear responses over a practical range of ac and dc voltages, in this case approximately 0-50 V. Noting this, viable ranges for δ, α 1 and α 2 were computed. Using these ranges, in conjunction with a nondimensional, purely-mechanical natural frequency target (somewhere on the order of 25, which corresponds to approximately 2.5 MHz) and realistic geometric constraints based on fabrication limitations (e.g. 1 µm minimum feature size), a potential beam geometry (i.e. l, b, t, d and δ) was produced (details of which can be found in table 3 ). Since a specific bandwidth was not needed and pull-in was found to occur outside of, or near the limits of, the voltage operating range, iteration was not needed. However, the beam configuration associated with this particular design problem did not appear to be over-constrained and thus bandwidth or pull-in correction via iterative 'tuning' would have been possible, as is generally believed to be the case.
Conclusion
As detailed throughout this work, parametrically-excited resonant microbeam systems and all of their attendant benefits, including an inherent flexibility, are realizable through the exploitation of a novel symmetric electrode configuration. Accordingly, it should be possible to exploit such designs for future use as resonant sensors or signal filters. Of course, the inherent flexibility which makes the proposed systems desirable comes with a cost, namely, inherent complexity (from a modeling and predictive design point of view). Whereas comb driven systems can be easily designed to exhibit a desired phenomenon (through manipulation of the comb drive structure), the proposed microbeam systems feature linear and nonlinear behavior that is somewhat entangled due to the reduced number of system parameters. Accordingly, future work will have to balance the reduction in size, reduced power consumption and geometric (manufacturing) simplicity of the proposed design with the design simplicity of its comb driven counterpart. Ongoing research is aimed at examining this trade-off and addressing a variety of unresolved issues, most notably obtaining experimental evidence of the softening response region and determining its viability as a robust operating point.
